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Abstract
In this paper we provide a class of integrable Hamiltonian systems on a three-dimensional Riemannian
manifold whose flows have a positive topological entropy on almost all compact energy surfaces. As our
knowledge, these are the first examples of C∞ Liouvillian integrable Hamiltonian flows with potential
energy on a Riemannian manifold which has a positive topological entropy.
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1. Introduction and definition
The study on the Liouvillian integrability of Hamiltonian systems, and its topology, geom-
etry and algebra has a long history (see for instance, [1,4–6,10] and the references therein).
The integrable Hamiltonian system in the sense of orthogonally separable was firstly posed
by Eisenhart [9]. In [11] the authors established a relation between the orthogonally separa-
ble Hamiltonian systems and the second order Killing tensors on an n-dimensional Riemannian
manifold Mn. In 1997 Benenti [3] provided the conditions for a Hamiltonian system to be or-
thogonally separable. Recently in [8] we characterized the orthogonal separable Hamiltonian
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flow restricted to any regular compact level surface has zero topological entropy.
Not as in the usually thinking, the integrable Hamiltonian system can have complicated dy-
namics. In 2000, Bolsinov and Taimanov [7] constructed the first example of C∞ integrable
geodesic flows with positive topological entropy on the quotient space MA := T 2 × [0,1]/∼,
where the equivalence will be specified in the next section.
In this paper we will first characterize C∞ smoothly orthogonally separable Hamiltonian sys-
tems with a potential energy on T 2 ×[0,1]. Then using these integrable Hamiltonian systems on
T 2 ×[0,1] we obtain a class of integrable Hamiltonian systems on the Riemannian manifold MA
whose flows have a positive topological entropy on all compact energy surfaces except perhaps
those with the energies belonging to a set of Lebesgue measure zero. This provides an example
of C∞ Liouvillian integrable Hamiltonian flows with a positive topological entropy. The example
in [7] is for the geodesic flow of the Riemannian manifold MA.
Let Mn be an n-dimensional smooth manifold. As we know, the cotangent bundle T ∗Mn has
an intrinsic symplectic structure ω. Let H be a smooth or an analytic function on T ∗Mn, which
defines a Hamiltonian vector field XH with the symplectic structure ω by
ω(χ,XH ) = χ(H),
for arbitrary tangent vector fields χ ∈ TMn. In what follows, we denote by (xi,pi), i = 1, . . . , n,
the corresponding local canonical coordinates on T ∗Mn.
The Hamiltonian system XH of n-degree of freedom on a 2n-dimensional manifold
is Liouvillian integrable, if there exist n functionally independent smooth first integrals
F1 = H,F2, . . . ,Fn in involution in the sense that {Fi,Fj } = 0 for all i, j , where { , } is the
canonical Poisson bracket induced by the symplectic form ω.
For a manifold endowed with a smooth or an analytic Riemannian metric G = (gij (x)). In
order for finding functionally independent first integrals in involution of a Hamiltonian vector
field XH on T ∗Mn with the Hamiltonian
H = 1
2
gijpipj , (1.1)
where (gij ) is the inverse matrix of (gij ), one can solve the corresponding geodesic Hamilton–
Jacobi equation
1
2
gij
∂W
∂xi
∂W
∂xj
= E, gij = gji,
with W(xi,Fl) depending on suitable coordinates (xi) of Mn and on n constants of integra-
tion (Fl), l = 1, . . . , n. The Hamiltonian system with Hamiltonian (1.1) is called a geodesic
Hamiltonian system. If the geodesic Hamilton–Jacobi equation has a complete solution, it is
(locally) the generating function of a transversal Lagrangian foliation of T ∗Mn parametrized
by (Fl). Then the functions Fl(xi,ph), obtained by solving the equations
pi = ∂W
∂xi
,
with respect to (Fl), give rise to n functionally independent first integrals in involution of the
geodesic Hamiltonian system.
A geodesic Hamiltonian system is integrable by separation of variables (for short, separable),
if the corresponding Hamilton–Jacobi equation has a complete solution of the form
W = W1
(
x1,Fl
)+ · · · +Wn(xn,Fl).
F. Liu et al. / Bull. Sci. math. 133 (2009) 837–847 839If it is the case, the local coordinates (xi) are said to be separable, and the constants of integra-
tion (Fl) separation constants.
A symmetric tensor K = (Ki1...ik ) on a Riemannian manifold (Mn,g) is a Killing tensor if
{EK,Eg} = 0,
where EK = 1k!Ki1...ikpi1 · · ·pik and Eg = 12gijpipj .
A Stäckel system on a Riemannian manifold (Mn,g) is an n-dimensional subspace S of the
linear space of Killing tensors of order 2 such that the following hold on the manifold with
the exclusion of a closed singular set of zero Lebesgue measure: it has a basis of n pointwise
independent elements, all the elements have common eigendirections, these eigendirections are
normal. Recall that a distribution of dimension 1 (i.e. a field of directions) is normal if the orthog-
onal distribution is completely integrable. The integral manifolds of the normal eigendirections
are called the integral manifolds of the Stäckel system. A Stäckel web on a Riemannian manifold
(Mn,g) is an orthogonal web whose adapted coordinates are separable. An orthogonal web on
(Mn,g) is a family of n orthogonal foliations of hypersurfaces (submanifolds of dimension n−1)
with the exception of a closed singular set of zero Lebesgue measure. The parametrization of an
orthogonal web is called an adapted coordinates.
In analytical mechanics one often considers a general natural Hamiltonian system defined by
a triple (Mn,g,V ) with the Hamiltonian
H = 1
2
gijpipj + V, (1.2)
where V :Mn → R is the potential energy. In what follows, for simplicity we call it the Hamil-
tonian system (Mn,g,V ). We say a Hamiltonian system (Mn,g,V ) to be orthogonal separable
if it is separable with respect to orthogonal coordinates (xi), gij = 0 for i = j . The function V
is called compatible with (or separable with respect to) a Stäckel web if the Hamiltonian system
(Mn,g,V ) is separable in any coordinate system adapted to the web.
2. The main results
Let T 2 be the two-dimensional torus. The Anosov automorphism on T 2 induced by the matrix
A =
(
2 1
1 1
)
,
is determined by
(x, y) mod Z2 → (2x + y, x + y) mod Z2 = XA mod Z2,
for all X = (x, y) ∈ T 2. This defines an equivalent relation ∼ on T 2 × [0,1] by
(X,0) ∼ (XA,1).
Then
MA := T 2 × [0,1]/∼,
forms a Riemannian manifold with the Riemannian metric [7]
ds2 = dq˜ 23 + g˜11(˜q3)dq˜ 21 + 2g˜12(˜q3)dq˜1dq˜2 + g˜22(˜q3)dq˜ 22 , (2.1)
where we use q˜1, q˜2, and q˜3 to denote the coordinates on MA, and
G˜(˜q3) =
(
g˜11 g˜12
)
= exp(−q˜3G˜0 ) exp(−q˜3G˜0),g˜21 = g˜12 g˜22
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q = (q1, q2, q3) to diagonalize the metric (2.1) gives
ds2 = e2q3 logλ dq21 + e−2q3 logλ dq22 + dq23 , (2.2)
where λ = 3+
√
5
2 is the eigenvalue of A, and the change of variables are
q1 =
√
5 − √5
10
(
q˜1 − 1 +
√
5
2
q˜2
)
, q2 =
√
5 + √5
10
(
q˜1 − 1 −
√
5
2
q˜2
)
. (2.3)
Correspondingly,
G(z) =
(
g11 0
0 g22
)
=
(
e2q3 logλ 0
0 e−2q3 logλ
)
.
From (2.3) it is easy to know that the coordinates (q1, q2) are orthogonal, and periodic with
respect to the lattice
(T1, T2) =
(√
5 − √5
10
1 − √5
2
,
√
5 + √5
10
1 + √5
2
)
. (2.4)
This last fact follows from (2.3) and that q˜1 and q˜2 are periodic of period one.
Now we can state our main results.
Theorem 2.1. On the Riemannian manifolds T 2 × [0,1] and MA with the metric given in (2.2),
the following hold.
(a) The Hamiltonian systems on T 2 × [0,1] with Hamiltonians
H = 1
2
(
g11p21 + g22p22 + g33p23
)+ V (q1, q2, q3),
is C∞ orthogonally separable if and only if
V (q1, q2, q3) = g11V1(q1)+ g22V2(q2)+ V3(q3),
where Vi(qi), i = 1,2, are C∞ smoothly periodic functions of period Ti given in (2.4), and
V3(q3) is a C∞ smoothly periodic function of period 1; and g11 = e−2q3 log 3+
√
5
2 , g22 =
e2q3 log
3+√5
2 and g33 = 1 are the entries of the inverse matrix of the metric g on T 2 × [0,1].
(b) The Hamiltons in (a) are defined on MA if and only if V1 = V2 = 0. Moreover, for the inte-
grable Hamiltonian flow induced by the Hamilton
H = 1
2
(
g11p21 + g22p22 + p23
)+ V3(q3)
with the total energy no less than eH , there exists a subset Ω ⊂ D := {e ∈ R; e  eH } of
Lebesgue measure zero such that the Hamiltonian flow restricted to each energy surface
{H = e} with e ∈D\Ω has a positive topological entropy.
(c) The integrable Hamiltonian flow on MA given in (b) with V3 analytic is not analytically
integrable, i.e. it is not Liouvillian integrable by real analytic first integrals.
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The following results due to Benenti [3] provided the conditions for a Hamiltonian system to
be orthogonally separable.
Lemma 3.1. The potential function V of a Hamiltonian on a Riemannian manifold is compatible
with a Stäckel web generated by a Stäckel system S if and only if
d(K · dV ) = 0,
for all elements K of S or for at least one element of S with simple eigenvalues.
Lemma 3.2. Let (Ki) = (K1,K2, . . . ,Kn) be a basis of a Stäckel system S, and V a separable
potential. Let Vi :Mn → R be the functions (locally) defined by
dVi = Ki · dV,
then the functions Fi :T ∗M → R, i = 1, . . . , n, defined by
Fi = EKi + π∗Vi,
are functionally independent first integrals in involution of the system (Mn,g,V ), where
π :T ∗M → M is the cotangent fibration.
The above two lemmas imply that in order to solve the separable integrability problems we
should try to find a basis of the linear space of the Killing tensors of order 2 for a given metric,
and then find the potential functions V satisfying Lemma 3.1.
Firstly we note that the separability of the coordinates on MA follows from the following
lemma [3]:
Lemma 3.3. On an n-dimensional Riemannian manifold with metric (gii), its locally orthogonal
coordinates (qi) are separable if and only if the following 12n2(n− 1) equations are satisfied,
∂i∂j g
hh = ∂i lngjj ∂j ghh + ∂j lngii∂ighh, i = j.
3.1. Proof of statement (a) of Theorem 2.1
The following lemma characterizes the orthogonally separable Hamiltonian systems on
T 2 × [0,1].
Lemma 3.4. The Hamiltonian systems with potential V on the Riemannian manifold T 2 × [0,1]
H = 1
2
(
g11p21 + g22p22 + g33p23
)+ V (q1, q2, q3),
are C∞ orthogonally separable if and only if
V (q1, q2, q3) = g11V1(q1)+ g22V2(q2)+ V3(q3),
where Vi(qi), i = 1,2, are C∞ periodic functions of period Ti given in (2.4), and V3(q3) is a
C∞ periodic function of period 1.
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the potential V to be separable we need to solve the equation
d(K · dV ) = 0,
or the equivalent equations
∂i∂jV = ∂i lngjj ∂jV + ∂j lngii∂iV , i = j, (3.1)
where ∂i stands for the partial derivative of a function with respect to qi . In our metric, (3.1) can
be written as
∂1∂2V = 0, (3.2)
∂1∂3V = ∂3 lng11∂1V, (3.3)
∂2∂3V = ∂3 lng22∂2V. (3.4)
From (3.3) and (3.4), we have
∂1V = g11c1(q1, q2), ∂2V = g22c2(q1, q2).
Eq. (3.2) yields
c1(q1, q2) = c1(q1), c2(q1, q2) = c2(q2).
Consequently,
V (q1, q2, q3) = g11
∫
c1(q1)+ c3(q2, q3) = g22
∫
c2(q2)+ c4(q1, q3).
So, we have
c3(q2, q3) = g22
∫
c2(q2)+ c5(q3), c4(q1, q3) = g11
∫
c2(q1)+ c5(q3).
This verifies that V has the given form. 
From Lemma 3.4 we complete the proof of statement (a) of Theorem 2.1.
3.2. Proof of statement (b) of Theorem 2.1
For proving statement (b) of Theorem 2.1 we have to find three first integrals in involution of
the integrable Hamiltonian systems given in Lemma 3.4.
Lemma 3.5. The integrable Hamiltonian systems on the Riemannian manifold T 2 × [0,1]
H = 1
2
(
g11p21 + g22p22 + p23
)+ g11V1(q1)+ g22V2(q2)+ V3(q3) (3.5)
with Vi(qi) given in Lemma 3.4 for i = 1,2,3, have three functionally independent first integrals
in involution
F1 = p21 + V1(q1), F2 = p22 + V2(q2), F3 = H. (3.6)
Proof. Let
K = ρ1g11 ∂ ∂ + ρ2g22 ∂ ∂ + ρ3g33 ∂ ∂ ,
∂q1 ∂q1 ∂q2 ∂q2 ∂q3 ∂q3
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solve the equation
{EK,Eg} = 0, (3.7)
where
EK = ρ1g11p21 + ρ2g22p22 + ρ3g33p23, Eg = g11p21 + g22p22 + g22p23.
Eqs. (3.7) are equivalent to
∂iρj = (ρi − ρj )∂i lngjj (i = j), ∂iρi = 0.
Solving these equations gives
ρ1 = c3 + c1 1
g11
, ρ2 = c3 + c2 1
g22
, ρ3 = c3,
where c1, c2, c3 are arbitrary constants. This proves that the general form of K is
K = (c1 + c3g11) ∂
∂q1
∂
∂q1
+ (c2 + c3g22) ∂
∂q2
∂
∂q2
+ c3 ∂
∂q3
∂
∂q3
.
Consequently, the basis of the linear space of the Killing tensors is formed by
K1 = ∂
∂q1
∂
∂q1
,
K2 = ∂
∂q2
∂
∂q2
,
K3 = g11 ∂
∂q1
∂
∂q1
+ g22 ∂
∂q2
∂
∂q2
+ ∂
∂q3
∂
∂q3
.
From Lemma 3.2, corresponding to the Killing tensors Ki , i = 1,2,3, the separable potentials
are V (q1, q2, q3) = V1(q1), V2(q2) and g11V1(q1) + g22V2(q2) + V3(q3) respectively, where
Vi(qi), i = 1,2,3, are periodic functions with periods given in Lemma 3.4. Hence, we have
three functionally independent first integrals
F1 = p21 + V1(q1), F2 = p22 + V2(q2), F3 = H,
of the Hamiltonian system. We can check easily that these last three first integrals are in involu-
tion. 
The construction of the Riemannian metric on MA show that g˜11p˜ 21 +2g˜12p˜1p˜2+ g˜ 22p˜ 22 +p˜ 23
is invariant under the actions
(˜q1, q˜2, q˜3) → (2q˜1 + q˜2, q˜1 + q˜2, q˜3 + 1),
(p˜1, p˜2, p˜3) → (p˜1 − p˜2,−p˜1 + 2p˜2, p˜3),
and it is C∞ [7]. Recall that g11p21 + g22p22 + p23 is obtained from g˜11p˜ 21 + 2g˜12p˜1p˜2 +
g˜ 22p˜ 22 + p˜ 23 via the translations (2.3) and
p1 =
√
5 − √5
10
(
p˜1 − 1 +
√
5
2
p˜2
)
, p2 =
√
5 + √5
10
(
p˜1 − 1 −
√
5
2
p˜2
)
.
Then the function g11p2 + g22p2 + p2 is invariant under the actions1 2 3
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(
3 − √5
2
q1,
3 + √5
2
q2, q3 + 1
)
, (3.8)
(p1,p2,p3) →
(
3 + √5
2
p1,
3 − √5
2
p2,p3
)
. (3.9)
We note that the change (3.9) on the momenta is got from (3.8) for obtaining the quotient
space MA.
Lemma 3.6. The function
H = 1
2
(
g11p21 + g22p22 + p23
)+ g11V1(q1)+ g22V2(q2)+ V (q3),
is well defined on MA if and only if V1(q1) = V2(q2) = 0 and V3(q3) is periodic of period 1. If V3
is C∞, the Hamiltonian system H on MA is C∞ integrable.
Proof. From the discussion before this lemma we only need to prove that g11V1(q1) +
g22V2(q2)+V3(q3) is well defined on MA, i.e. it is also invariant under the actions (3.8) and (3.9).
By using the Laurent expansion we get that
V1(q1) = c1
q21
, V2(q2) = c2
q22
,
where c1, c2 are arbitrary constants, and V3(q3) a periodic function of period one. In order
for V1(q1) and V2(q2) to be periodic with the given periods, we should have c1 = 0 and c2 = 0.
This proves the first statement of the lemma.
In order to verify the Hamiltonian system to be Liouvillian integrable on MA, we need to find
three functionally independent first integrals in involution.
Even through the functions given in (3.6) are not well defined on MA, but we can use them to
define three well-defined functions, and then get three functionally independent first integrals in
involution of the Hamiltonian system on MA. Set
I1 = p21p22, I2 = exp
(−I−21 ) sin( π logp21
log 3+
√
5
2
)
, I3 = H.
We claim that I1, I2 and I3 are functionally independent first integrals in involution of the Hamil-
tonian system on MA.
We now prove the claim. Firstly, it is easy to see that Ii for i = 1,2,3 are invariant under
the actions (3.8) and (3.9). Lemma 3.5 shows that F1 = p21 + V1(q1), F2 = p22 + V2(q2) and
F3 = H are in involution, so are I1, I2 and I3. Furthermore, we can check easily that I1 and I3
are functionally independent in a full measure subset of SMA, and that I2 and I3 are also func-
tionally independent in a full measure subset of SMA. For proving the independency of I1 and I2,
assuming that p21p
2
2 = 0, some simple calculations yield
J = det
( ∂I1
∂p1
∂I1
∂p2
∂I2
∂p1
∂I2
∂p2
)
= 8π exp(−p−41 p−42 ) p1p2
log 3+
√
5
2
cos
(
π
logp21
log 3+
√
5
2
)
.
Hence, J = 0 if and only if
p1p2 cos
(
π
logp21
log 3+
√
5
)
= 0.2
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∂p3
= p3, the functions I1, I2 and I3 are functionally independent on a full measure subset
of SMA. This proves the second statement of the lemma. 
From Lemma 3.6 we complete the proof of the first part of statement (b) of Theorem 2.1. We
now prove that the integrable Hamiltonian system on MA has a positive topological entropy. For
doing so, we need the following results (for a proof, see for instance [2]).
Lemma 3.7 (Jacobi–Maupertuis principle). Let M be a Riemannian manifold. Assume that
V :M → R is a smooth function for which there exists an e ∈ R such that V (x) < e for all
x ∈ M , and that H is a Hamiltonian function on the unit tangent bundle SM with the potential
function V . If e is a regular value of H(v) = 12‖v‖2 +V (π(v)), then the restriction of the Hamil-
tonian system to the regular energy surface of H is a reparametrization of the restricted geodesic
flow on SM with respect to the Jacobi metric g∗ = (e − V )g.
From the point of view of convenience to state the proof, we give the definition of the topo-
logical entropy [12,14].
Let (X,d) be a compact metric space and let φt :X → X be a continuous flow. For each T > 0
we define a new distance function
dT (x, y) := max
0tT
d
(
φt (x),φt (y)
)
.
Denote by N(ε,T ,φ) the minimal number of the balls of radius ε > 0 in the metric dT that are
necessary to cover X. We define
h(φ, ε) := lim
T→∞ sup
1
T
logN(ε,T ,φ).
Then the number
htop(φ) := lim
ε→0h(φ, ε),
is called the topological entropy of the flow φt .
Continuing the proof of statement (b) of Theorem 2.1. In [7], the authors proved that the
geodesic flow on the Riemannian manifold MA with the metric g given in (2.1) has a pos-
itive topological entropy htop(g). In the proof they had used the facts that the fundamental
group π1(MA) has an exponential growth, and that the geodesic flow of a Riemannian mani-
fold with the fundamental group exponential growth has a positive topological entropy.
We first assume that V = V3(q3) is a constant, denote c. For any energy surface given by
H = e with e  c, if e > c then the topological entropy of flow on the energy surface is that of
the geodesic flow on SM with the metric g/(e − c). It is well known that the topological entropy
of the geodesic flow on a Riemannian manifold with the metric g∗ satisfies (see e.g. [12])
htop(lg
∗) = htop(g
∗)√
l
,
for arbitrary positive number l. So the topological entropy of the flow on the energy surface
H = e is √e − chtop(g). This shows that for e > c the topological entropy is always positive, but
it approaches zero as e → c.
846 F. Liu et al. / Bull. Sci. math. 133 (2009) 837–847We now assume that V = V3(q3) is not constant. Since MA is compact and V3(q3) is smooth
on MA, it has the maximum and minimum values, denoted by m1 and m2 respectively. We know
that the total energy e is not less than m2.
Case 1: e > m1. According to the Sard’s theorem, we have that the critical values of any
smooth map form a subset of Lebesgue measure zero. So, the set of the critical values of H has
Lebesgue measure zero in the real line. For any regular value e >m1, we have e−m1 < e−V <
e +Λ, where Λ = max{|m1|, |m2|}. Define a new metric on MA as g∗ = (e − V )g.
We claim that
htop(g
∗) = htop
(
(e − V )g) htop((e +Λ)g).
In fact, observe that the geodesic flow of (e − V )g (respectively, (e +Λ)g) restricted to the unit
sphere bundle of (M, (e − V )g) (respectively, (M, (e +Λ)g)), coincides with the geodesic flow
of g restricted to the set of the points (x, v∗) ∈ TM (respectively, (x, v(e+Λ)g) ∈ TM) such that√
e − V |v∗| = 1 (respectively, √e +Λ|v(e+Λ)g| = 1). So |v∗| = 1√
e−V and |v(e+Λ)g| = 1√e+Λ .
We denote by φt (respectively, φ∗t and φ(e+Λ)gt ) the geodesic flows of (M,g) (respectively,
(M,g∗) and (M, (e +Λ)g)). Then
φ∗t = φ 1√
e−V t
, φ
(e+Λ)g
t = φ 1√
e+Λ t
.
Since 1√
e−V >
1√
e+Λ , we have N(ε,T ,φ
∗)  N(ε,T ,φ(e+Λ)g). Hence, h(φ∗, ε) 
h(φ(e+Λ)g, ε). Consequently, we have
htop(g
∗) htop
(
(e +Λ)g).
This proves the claim.
Combining the last claim and Lemma 3.7, we get that
htop(g
∗) htop
(
(e +Λ)g)= htop(g)√
e +Λ > 0.
This proves that the C∞ smooth Hamiltonian flow on any regular compact energy surface with
total energy e >m1 has a positive topological entropy.
Case 2: m2 < e m1 and dV3(s)/dq3 = 0 when V3(s) = e. We note that any energy surface
H = e is compact and that the set of s satisfying the second condition is finite. Then the config-
uration manifold for the energy surface consists of finitely many disjoint elements of the form
T 2 × [s1, s2], 0 s1 < s2  1, with V3(s1) = V3(s2) = e.
Next we prove that the Hamiltonian flow has a subsystem whose Poincaré map is the Anosov
automorphism given by the matrix A−1. Then we can conclude that the topological entropy of
the Hamiltonian systems restricted to {H = e} is positive.
For proving the claim, without loss of generality we assume that T 2 × [0, s], 0 < s < 1,
is one of the elements of the configuration manifold. Let N be the submanifold {H = e} ∩
(T 2 × [0, s] × R3). Since p1 and p2 are the first integrals of the Hamiltonian system, with-
out loss we study the orbits in N˜ = N ∩ {p1 = 0} ∩ {p2 = 0}. Let N1 ⊂ N˜ be the section formed
by the points with q3 = 0 and p3 = √2(e − V (0)) = 0, and N2 ⊂ N˜ be the section formed by
the points with q3 = s and p3 = √2(e − V (s)) = 0. It is easy to check that N1 and N2 are dif-
feomorphic to T 2, and are transversal to the Hamiltonian flow, because p˙3 = ∂V3/∂q3 = 0 at
q3 = 0, s. On the invariant manifold N˜ the image of N1 under the action of the Hamiltonian flow
is
φt (q1, q2, q3,p1,p2,p3) = φt (q1, q2,0,0,0,0) =
(
q1, q2, q3(t),0,0,p3(t)
)
.
F. Liu et al. / Bull. Sci. math. 133 (2009) 837–847 847Since q˙3 = −p3 = 0 for q3 = 0, s on N˜ , there exists a T0 for which q3(T0) = s, we have that
φT0(q1, q2,0,0,0,0) = (q1, q2, s,0,0,0) ∼
(
(q1, q2)A
−1,0,0,0,0
)
,
where ∼ is an equivalent relation between the sections N1 and N2 by identifying the points v
in N1 with the points φT0(v) in N2. We note that this equivalent relation is compatible with that
on MA. This proves that on the energy surface {H = e} the Hamiltonian system has a subsystem
whose Poincaré map is an Anosov automorphism, and consequently has positive topological
entropy.
We have finished the proof of statement (b). 
3.3. Proof of statement (c) of Theorem 2.1
If the Hamiltonian flow on MA given in statement (b) of Theorem 2.1 is analytically inte-
grable, then the geodesic flow of MA is also analytically integrable. But it is impossible (see
statement (ii) of Theorem 1 in [7]). Otherwise the fundamental group π1(MA) would be poly-
nomial growth [13]. This is in contradiction with the proof of statement (b). Consequently, the
statement (c) follows.
We complete the proof of Theorem 2.1.
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